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Abstract 

We have obtained exact three dimensional BTZ type solutions with gauge fields, for string theory on a 
gauge symmetric gravitational background constructed from semi-simple extension of the Poincare algebra 
(and the Maxwell algebra) in 2 + 1 dimensions. We have studied the models for two non-Abelian and 
Abelian gauge fields solutions and shown that the related sigma models for each of these backgrounds is a 
SL( 2, R) WZW (Wess-Zumino-Witten) model and that they are classically canonically equivalent. We have 
also obtained the dual solution for the Abelian case and by interpreting the new field strength tensors of the 
Abelian solution as electromagnetic field strength tensors shown that dual models coincide with the charged 
black string solution. 
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1 Introduction 


In order to overcome some complexities of four dimensional gravity, many of researchers have studied the gravity 
models in lower dimensions. For instance, they hope that some properties of lower dimensional black holes help 
them to model those of the four dimensional black holes. One of such attempts has resulted in the construction 
of the three dimensional rotating BTZ black hole Qj. Nearly two decade ago, Witten [2] has shown that an 
exact two dimensional black hole in string theory could be obtained by gauging a one dimensional subgroup 
17(1) of SL(2,R). Also, exact three dimensional black string [3] and black hole [3] solutions in string theory 
have been obtained. In other attempt, the SL(2,R) WZW model and it’s relation to string theory in has 
been studied in details in three different papers ME]. In those papers, the structure of the Hilbert space of 
the WZW model and the spectrum of physical states of the string theory have been determined [5], and also 
the one loop amplitude [6] and the correlation functions of the model [7] have been studied. 

Recently, the Maxwell El IS] and Semi-simple extension of Poincare symmetries was applied to construct gauge 
symmetric gravity models in 3 + 1 [10) ill] and 2+1 [12] dimensions (see also mmy Here, we apply these 
symmetries to obtain an exact three dimensional black hole with gauge fields in string theory by introducing a 
new extended anti-symmetric B-field and try to obtain some solutions for equations of motion of the low energy 
string effective action [IMS]. The outlines of the paper is as follows: 

In section two, we construct a low energy string effective action in 2 + 1 dimensions by use of new gauge field 
strengths and obtain it’s equations of motion. In section three, we solve the equations of motion using the BTZ 
metric and obtain two different non-Abelian and Abelian solutions (Abelian solution has no contribution of 
interaction terms in new gauge field strengths). Then, we show that both solutions are exact solutions whereas 
the sigma models for each of these backgrounds is a SL{2,R) Wess-Zumino-Witten model. We also show 
that two sigma models corresponding to the two non-Abelian and Abelian solutions are classically canonically 
equivalent. We interpret the new gauge field strengths of the Abelian solution as an electromagnetic field 
strength tensors, and obtain the corresponding three different electric and magnetic fields. In section four, 
using duality transformation, we calculate dual solutions of the Abelian solution with respect to both spacelike 
(+) and timelike coordinate isometry symmetries and show that the dual solutions correspond to the charged 
black string solution. By obtaining both </>-dual and t-dual electric and magnetic fields, we show that duality 
relates the electric fields to the dual magnetic fields and vice versa. We present some concluding remarks in 
section five. In appendix, we cast both the Maxwell algebra and the semi-simple extension of the Poincare 
algebra (Ads-Lorentz algebrrQ) in 2 + 1 dimensional spacetime from the anti-de Sitter (Ads) algebra (so(2,2) in 
2 + 1 dimensions) by use of the S-expansion procedure with the appropriate semigroups S and S [17] iT8j. 


2 Gauge fields in string action from semi-simple extension of the Poincare algebra 
in 2 + 1 dimensions 


Let us consider the semi-simple extension of the Poincare algebra (or the Maxwell algebra for A = 0) with the 
basis X B = {P a , J a , Z a } in 2 + 1 dimensions [T2] as follows @ 


[Ja, Jb\ — e abc J ; 
[•/ a , Zb] = e abc Z , 


[Ja, Pb] = £abcP C , 

[Pa,Z b ] = -p abc P C 


[Pa, Pb] = ke abc Z C , 

[Z a ,Z b ] = -j-e abc Z c , 
k 


(i) 


where k and A are constants, and Z a are new generators which are added to ordinary Poincare generators P a and 
J a to extend the algebra. One can construct gauge fields /+ which are Lie algebra valued one form h = h^dx 11 
as follows: 

K(x) = hf {x)X B = e /1 a {x)P a + u“{x)J a + A*(x)Z a , (2) 

where a+ (/r = 0,1, 2) and a,b = 0,1,2 are spacetime coordinates and Lie algebra indices, respectively. Using 
these gauge fields U}^(x), A M a (x)J , one can write the new field strengths as follows [12] : 


F, v a = 


A 


'[mA? + (-bc(h e u + + c ) - - 


a A b A 

be 


(3) 


lr The semi-simple extension of the Poincare algebra is the direct sum of the Ads algebra and the Lorentz algebra, i.e. so( 2, 2) ® 
so(2,1) in 2 -(- 1 dimensional spacetime, and then is called the Ads-Lorentz algebra. 

2 The relationship between Maxwell algebra and semi-simple extension of the Poincare algebra with the Ads algebra has been 
discussed in the appendix. 
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where the gauge fields e p , ui p a and A® are vierbein, spin connection and new non-Abelian gauge fieldt0 
(corresponding to the new generators Z a ) respectively. Now we consider the low energy string effective action 
in 2 + 1 dimensional spacetime A4 by use of these gauge fields as follows: 0 mm 


S= d 3 4 5 X\/—g 
JM 


,-2 <t> 


R + 1 + 4 ( v ^>) 2 - A-h^;h'»z 


(4) 


where R is the Ricci scalar of M and </> is the dilaton field, and furthermore H pvp and i?' ° 0 are defined as 


follows: 


Hfiisp — d) p B vp -f- di/B pp + d p B pi/ , 


H, 


= QF a + dF a +dF 

no ' u v ± OU ' U P ± U 


(5) 

( 6 ) 


so that B pi/ is an antisymmetric field and F pl ? are the new antisymmetric field strengths. Now, one can find 
the following equations of motion (the beta functions) by variations of the above action with respect to g pL/ , 
B vp , F vp a and (j) respectively, 

Rpn + 2- -BppaH v p ° - \FL’ ppa a H' v p \ = 0, 


VZe-**H p „ p ) = 0 , 

X7Ze- 2 *H' pvp a ) = 0 , 


(7) 


1 


1 


4V 2 0 - 4(V</>) 2 + R + - - -RpnpH pvp - -H'°H' P 'Z. = 0, 


where these equations are zeros of the beta functions (at one loop) /3(G), /3(B), /3(F a ) and /3(</>) (respectively) 
for the following sigma model [ITS] 


I = J d 2 crZg(G P n(X)d a X p dpXZ ap + B' pu (X)d a X p 8pX v e ap + ^ 2 U(x )) , 


( 8 ) 


where £ is the worldsheet, R ^ is the scalar curvature of the worldslieet metric g a p, and e“^ is an anti-symmetric 
2-tensor, normalized so that yjge 12 = +1, and the extended antisymmetric B-field has the following form: 


B' pv (X) = B pv (X) + FjkX) + F p l(X) + F 2 (X) = B pi ,(X) + F^(X) £ a , 
such that we have £ a = (1,1,1). 


(9) 


3 Black hole solutions 

In this section, we will try to obtain a solution for the equations 0- We know that the 2 + 1 dimensional 
Einstein-Hilbert action with cosmological constant term 


S = J d 3 Xy/—g(^R — 2A^, 

has a BTZ black hole solution as follows: |lj 


ds 2 = -N 2 (r)dt 2 + 


1 


N 2 (r) 


dr 2 + r 2 (N^(r) dt + dcj)) 2 , 


( 10 ) 


( 11 ) 


3 Note that for the general form of the field strength 0 the gauge fields A “ are non-Abelian. For the Abelian case we have: 

1 ? a — r) a a — ft A a 
r flu ~ Vv-rt-fj, 5 

i.e. for these gauge fields we have: 


e bc(k e A? e v + UJ *A u c + A^uj u c ) — — e b( ? A* A u c — 0. 

4 Note that the above action is the ordinary string effective action in 2 + 1 dimensions where the last term is added. 

5 The algebra indices a can be taken up and down by the ad-invariant metric of the algebra m 
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with 


JV» = -M + ^ + U iV*(r)--^j, (12) 

where A = — is the negative cosmological constant, furthermore M and J are the mass and angular momentum 
of the black hole, respectively. Here [a; 0 , a; 1 , a; 2 ] = [t, r, ip\ are the coordinates of the spacetime. We use the above 
BTZ metric to solve the equations of motion 0 assuming that all fields are a function of the radial coordinate 
only. Here, we analyse two interesting non-Abelian and Abelian gauge field solutions. 


3.1 Non-Abelian case 


Using the form of the metric as CED and (1121) the equations of motion 0 have a solution as follows: 

B 2 o(r) = y, 4>{r) = 0, K = £ 2 , 

w°(r) = ^ — (± r 2 D 2 - D 2 - krN{r) + D^jdt + u(r)dr, 

ud(r) = w(r)dr, w 2 (r) = v{r)dt + z(r)dr, (13) 

A °( r ) = Dir v ^) Di ( ~ ^2 dt + dip ) + y^ dr ' 

A x (r) = Dl ( ~ ^2 dt + d ^) + q ^ dr ' A 2 (r) = s(r)dr, 

where Di, D 2 , D 3 , D 4 , D§ are arbitrary constants and v(r ) 0 ,u(r),w(r),y(r),q(r),s(r),z(r) are arbitrary 

functions of radial coordinate r only. Now, using 0, we find the following nonzero components of the new 
antisymmetric fields 0 for the non-Abelian gauge fields A^: 

F 20 °(r) = D 2 t 2 + D x , 

F 20 1 (r)=D 4 r 2 + D 3 , (14) 

F 20 2 (r)=r 2 yjD 2 2 -D 2 + D 5 , 
which yields the following extended antisymmetric B-field: 

B 20 (r) = B 20 (r) + F 20 °(r) + F 20 \r ) + F 20 2 (r) 

= ^ + F > 2 + D 4 + D 2 2 — D 2 ^ r 2 + D\ + D 3 + D§. (15) 

Although this is a solution for the one-loop beta function equations, one can show that by selecting D 2 = D 4 = 
— 4, this solution is also an exact solution of the beta function equations in all loops. Indeed, the sigma model 
0 with this background (G , B'^ v ) is a SL(2,R) Wess-Zumino-Witten model. One can easily check this, by 
using the following SL( 2, R ) group element: 


g(t,r, ip) 


f e-* 

\J £ 2 — f 2 e~T- 


\/£ 2 — f 2 e ‘ \ 
-f e* ) ’ 


(16) 


in the WZW action _ _ 

Swzw = ^ J d 2 z Tr{g~ 1 dgg~ l dg) - J Tr(g~ 1 dgf , 

where 

2 r+ „ r_ r+ 

+ (p = -^t+—(p, (17) 

so that k is level of the WZW model, and the horizons r = r± of the black hole have the following relation to 
it’s mass and angular momentum (M. J ) 




( 18 ) 
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3.2 Abelian (electromagnetic) case 

Using the form of the metric as HID and m, we find another solution for the equations of motion 0 as follows: 


B 20 (r) = —, <!>(?)= 0, 


K = 


io r = 


—7V(r) dt + ( ~/( r ) fe ( r )g( r ) +P(r){\r 2 + (g(r)) 2 ) \ ^ 

r V kr 2 ) ’ 


J 


^(r) = --^g{r)dt + f{r)dr + g(r)dtp, 

A°(r ) = — J—h(r)dt + p(r)dr + h(r)dip, 
2 r A 

.i, . Jk , kr 2 , 

A 1 (r) = dt -r— 


2 W = 


—Ar 


g{r)N(r 


dr. 


(19) 


A 2 (r) = , *1, . dr. 


2 g{r) g(r) ’ g{r)N(r) 

where g(r) ^ 0, f(r), h(r),p(r) are arbitrary functions of radial coordinate only. Note that for this solution, 
is Abalian and hence yields zero contributions for the coupling terms in all components of the new field 

strengths F^® ^i.e. we have e bc a (k + co^A^ + A^io v c ) — je bc a A^ A v c = 0^, and therefore F^* can be 
interpreted as electromagnetic field strength tensors without coupling terms as follows: 


V* = d»A v a - d„A 


( 20 ) 


For the above solution, all of the nonzero components of the electromagnetic field strength tensors are as follows: 

d 


F oi °( r ) = ~^3 h ( r ) + ^2^ h (r), 


VM = ~ Tr h(r), 


-FqiV) = n J 90^ 4:9( r ), 


F 21 \r) = 


2 kr 


kr 2 d 


2 g 2 (r) dr^ y n 21 w g{r) <? 2 (r) dr 

In this way, the extended B-field components have the following forms: 

B 2 o( r ) = B 2 o(r ) = r —. 


g{r)- 


( 21 ) 


T T d T If d 

BM = Sbi (r) + 4 “(r) + ^(r) + F m \r) = --j h(r ) + ^Hr) + 

B 2i M = B 2i(r) + F 21 °(r) + F 21 1 (r) + F 21 2 (r) = -j-h(r) + sM- 

dr g[r) g \T) dr 


g(r), 


( 22 ) 


where we assume that Boi(r) = B 21 (r) = 0. This solution is also an exact solution. One can show that using 
the SL(2,R) group element (fl6l) with 


r = 


n — r 


2 ’ 


- r+ 

t = —t — r-(p, 


~ r-, r+ 
v =-p‘- 


(23) 


the sigma model @ with the background (G^, B' ) is a SL(2.R) WZW model. Now, we show that two 
sigma models corresponding to the two discussed non-Abelian (II Al) and Abelian (ITT)!) solutions are classically 
canonically equivalent. Indeed, by assuming the following relations among the arbitrary functions in (I ldll and 

(HU), 

2r ,2 v / —A 

v(r) = 


y(r) = ( 


K r )~W)-Sdr^ 

Jk Jh(r) 


D 


rg(r) 


1 + 2J v /= A 


v(r) rv 2 (r ) 


- q ^ + ~ Q ’ 


(24) 
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u(r) = w(r) - 2 z(r) + ^ ( 'y(r) - q(r) + 2 s(r)j, 

then, these two sigma models can be canonically related to each other by the following relations m 
(C^riGpx + B' pX + ^ p a)(C- 1 ) kA (G w + B' KV + A kv ) = n, 

(G m , + B' pv ) = (G pp + B' pp + A mp )(G- 1 ) a ^(G a , + 4J, (25) 

where (G pl ,, B' ) and (G pl/ ,i3 pl/ ) are the non-Abelian (fl3l) and the Abelian (fliil) solutions respectively, such 
that Cpv , Apv and A pu have the following forms 


Cju/ — Guy + B' 


Apv — A pv — 0. 


(26) 


Now, for the Abelian solution, the electric and magnetic fields can be written in terms of electromagnetic field 
strength tensors as follows: 


E (a) = _ F 01a = _( ff OO ff ll Foi a + g ^ 2 F^) = p^a _ A T^r)F 21 \ 


eG) = 0 


B (a) = rF i 2 a = - r {g u g 20 F m a + g n g 22 F 21 a ) = -F 01 a - ( 


J „ „ ,N 2 — r 2 (N^) 2 


)F 2 


(27) 


where the indices inside the parenthesis are algebra indices which run over 0,1,2 and each denote a different 
field. In this way, we have three different electric and magnetic fields. The radial components of three electric 
fields have the following forms: 


4 0) = ~i‘ h (r), 


E W = 


Jk 


r- ' rg{r )’ 

furthermore, all of the azimuthal components of them are zero 


Ei 2) = 0, 


(28) 


4 0) = 4 1 ) = e^ = o, 


(29) 


and all of the magnetic fields are in z-direction i.e. they are perpendicular to r, (f> plane. These magnetic fields 
are given by 


Bi 0) = -fzh(r) + — ±h(r), 


(1) _ 2 k(M + Ar 2 ) krN 2 d 

9 (r) + (< g(r)) 2 dr 9[ 


B = 0 . 


(30) 


Dual solution 


Now, we will try to find the dual of the Abelian solution (fTTJl) which is indeed another solution for the equations 
of motion. Note that the solution m is independent of the coordinate <p\ hence we have an isometry in ip 
direction. Abelian duality which is a transformation on the string model, relates this solution {g pv , B pu , F pl f, <j>) 
to the dual solution {g pv , B pM . F pl f, <j>) by the following Busclier’s transformation [20] 


5 22 = 

52a = 

B' 2a = 


922 

4a 

522 ’ 

52a 
522 ’ 


5a/3 — 5a/3 


(52a52/3 B2aB' 2 p) 


5 22 


6/ _ o' 2 92[a B fl 2 

B nB — B a p 


5 22 


(31) 


(j) = cj)- —ln(g 22 ), 


where a,/3 = 0,1 (indice ‘2’ represents the p coordinate). Applying this transformation to the solution 
CD,©,© and (l2lll yields the following dual solution: 


ds 2 = 


( M ‘4?) 


T 2 \ 2 

J \ ,.2 z 


dt 2 + jdtdip + 2B' 21 (r) (^jdtdr + -A- 


1 


+ f 2 d V 2 + (r)) 2 }dr 2 , 
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^20 (r) = -jja, 


<^(r) = ~l n ( r )> 


P oi°( r ) = -^h(r) + ^-^h(r), 


~ , 2 Jk 3Jk d 

F « ■ (r, = ^ + !ffii J,r) ’ 


(32) 


where the dual electromagnetic field strengths F 01 ° and Fq/, are related to the following gauge fields (using 

my- 

A>V) = - [ dr(~h(r) + ^^-h(r)), 


~ i /' 2Jfc 3Jfc d 

A) M =-J + ^STITTlffW). 


ii 2 (r) = 


-1 

N 2 (r) 


2 g 2 (r) dr' 


dr(-^h{r) + ^^-h{r)). 
r' 3 zr z ar 


(33) 


Note that for B' 21 (r) = 0, and using the following coordinate transformation: 


r 2 = £r', 


t = 


- t') 

{M 2 l 2 -J 2 )i 


ip = 


r\t' — r 2 _ip' 

VI(MH 2 - J 2 )3 


(34) 


the dual metric in (1321) precisely represents the charged black string solution [3, 4, The dual electric and 
magnetic fields can be obtained in terms of dual field strengths as follows: 


E[ a) = —F 01a = -5 00 5 11 F ( a 


B[ a) = rF 12a = - 


01 5 


p( a ) _ _p02a _ _~00~21 ^ a 


01 > 


rn L 1 n zv F a — —— F a 

' y y r 01 — ^ r 01 • 

Furthermore, the radial components of three dual electric fields are obtained as: 


£f» = -^W + | ~ h{r ), £<■> = - 


2 Jk 


3Jk d 


9(r), 


rg(r) 2g 2 (r) dr 
and the azimuthal components of them are obtained as follows: 

d , , N 2 kr kr 2 d , ,\ / J , . . 3J d , . 

2 Jfc 3Jfc d 


£l 2) = 0, 


(35) 


(36) 


^ 


£?> = (*Mr) 
^ 2) = 0, 


g(r) £ 2 (r) dr 
2fcr fcr 2 d 


g(r) g 2 (r) dr 


flW) ( 


rg(r) 2 g 2 (r) dr 


g{.i 


(37) 


and finally the magnetic fields which all are in z-direction are given by the following relations: 
- 3 ' J , _ 3J d ' - 3 




2Jk 3Jk d . 
+ „ o, , — 9{r 


rg{r) 2g 2 {r) dr 

Note that if we select the following forms for arbitrary functions g{r) and h(r): 


g(r) = DrN(r ) e v ( r \ 
where D and C are arbitrary constants and 

V{r) = 


h{r) = 


Cr 


„V(r) 


M 


VM 2 + A J 2 


N(r) 

tanh-\-^LL2tL L), 

WM 2 + AJ 2J 


Bi 2) = 0. (38) 


(39) 


(40) 


then all magnetic fields in (1301) become zero, and therefore, we have only the electric fields in solution (HOI) , 
while in dual solution (1001) there are both electric and magnetic fields. This result, as we expect, indicates that 
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here, in string theory, the duality leads to a connection between electric and magnetic fields in solution (fTUl) 
and it’s dual solution (13^1) . 

At the end of this section let us discuss about the isometry symmetry along t direction of the solution (fTTH) . 
One can repeat the above procedure to find the following t-dual solution m for solution (THU) : 


ds 2 = 


1 


(M - £) L 


dt' 


1 + 2 -^-dtdip - 2 B' 01 (r) (dtdr - T- drdpj + r 2 (M - )dtp 2 + j ^ 2 /f ^ + ( B oi ( r )) } 


dr 2 


B 2 o{r) = - 


* 2 lV) = 


J 


2 (M-C)’ 


1 r 2 

H r ) = -~ln(-M+—), 


1 (J 2 u / 'i / t r2 J 2 .d 


(M- F 


~ , 2fcr 

F 21 (r) = - 7 -T + 


fcr 2 


, r 2 J 2 d 
<~ M +T2-7Tn)^-9(r), 


g(r) g 2 (r){M- , w ) t 2 2r 2 dr' 

For = 0, and using the following coordinate transformation 


r 2 = fr' + M£ 2 , 


t = 


r 2 ^ - r 2 t' 
£%(MH 2 - J 2 )j 


= 


t' - ip' 


Vl{M 2 P -J 2 )i 


(41) 


(42) 


the t-dual metric in (l4ll) precisely reduces to the charged black string solution. Finally, calculations similar to 
the t^-dual case show that t-dual solution also leads to a connection between electric and dual magnetic fields 
for solution dD and it’s t-dual solution, respectively. 


5 Conclusions 

We have presented a 2 + 1 dimensional low energy string effective action containing gauge fields term which has 
a gauge symmetry coming from semi-simple extension of Poincare (Maxwell) gauge group. The model has led to 
an extended B-field in the corresponding sigma model. By solving the equations of motion of the string effective 
action (i.e. the beta function equations), we have obtained two different solutions which both in the sigma model 
level correspond to the SL(2, R ) WZW models and then, both are exact solutions of beta function equations 
to all orders. Also, it turned out that two sigma models corresponding to two different solutions are classically 
canonically equivalent. We have interpreted the gauge field strength tensors related to the Abelian gauge fields 
solution as electromagnetic field strength tensors and obtained the corresponding electric and magnetic fields. 
Using Buscher duality transformation, we have shown that the dual models coincide with the charged black 
string solution and also have shown that the electric fields of the Abelian solution are related to the magnetic 
fields of it’s dual solution. 
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A Appendix: S-expansion of the anti-de Sitter (Ads) algebra so( 2,2) in 2 + 1 
dimensions 

In this section, we start from the anti-de Sitter algebra g = so(2, 2) in 2 + 1 dimensions and use the finite abelian 
semigroup expansion procedure^ (S-expansion) to cast both the Maxwell algebra and the semi-simple extension 


6 The full details of the S -expansion procedure have been presented in H3- 












of the Poincare algebraQ We consider the anti-de Sitter algebra 0 = so( 2 , 2 ) with the basis Xb = {P a , J a } in 
2 + 1 dimensions as follows: 

a: Jb\ — ^-abcJ ■ ai Pb\ = € abcP ■ [P a. P b] = Ae a fr c </ 7 (43) 

where A is a constant, and P a and J a are the ordinary translation and Lorentz generators, respectively. We 
split the Ads algebra so(2, 2) in two subspaces so(2,2) = Vo © Vi, where Vq and Vi corresponds to the Lorentz 
and translation generators J a and P a , respectively. The subspace structure is such that we have: 

[Vb, W 0 ] C Vb, [Vo^cVj., [Vi,Vi]cVb. (44) 

Now, in the following, we use two different semigroups to expand the Ads algebra by use of the S-expansion 
procedure, and obtain both the Maxwell algebra and the semi-simple extension of the Poincare algebra. 


A.l The Maxwell algebra and the S-expansion by the semigroup S 

We first consider the abelian semigroup S = (Ao, Ai, A 2 , A 3 } together with the following multiplication law: 


\ \ _ f A 3 if (a +) 3) > 2 

“ ' , 'lA a+/i if (a + /3)<2 

or, equivalently, by the following multiplication table: 



Ao 

Ai 

A 2 

A 3 

Ao 

Ao 

Ai 

A 2 

A 3 

Ai 

Ai 

A 2 

A 3 

A 3 

A 2 

A 2 

A 3 

A 3 

A 3 

A 3 

A 3 

A 3 

A 3 

A 3 


(45) 


(46) 


Note that for each A a £ S, we have AaA a = A 3 , such that A 3 plays the role of the zero element inside the 
semigroup S (i.e. A 3 = Os). Now, we consider the following subset decomposition S = S 0 (J Si: 


So = {Ao, A 2 , A 3 }, Si = {Ai,A 3 }, 


(47) 


which is said to be a resonant decomposition, in other words, it is in resonance with the subspace decomposition 
0 = bo © V\ and then, satisfies the following resonance condition: 


Sq-Sq C S 0 , So.SiCSi, Sx.SiCSo. (48) 

The direct product Sxg with basis A a Xs is a Lie algebra (see Theorem III. 1 in [17]). According to the Theorem 
IV.2 in [17], Wo © W\ is a resonant subalgebra of S x 0 where we have: 


Wo = So X Vo = (Ao, A 2 , A 3 } © {Ja} = {AoJa,A2J a ,A3J a }, (49) 

Wx=S x xVi. = (Ai, A 3 } © {Pa} = {AlP a ,A 3 Pa}. (50) 

Now, we impose the condition A 3 x 0 = 0 5 , and remove the whole Os x 0 sector from the resonant subalgebra. 
The remaining piece is a Lie algebra and is called the Os-reduced algebra (see Os-reduction and Theorem VI.1 
in HZ!)- By relabeling the generators as J a = Ao J a , kZ a = A 2 J a and \fXP a = Ai P a , we obtain the following 
commutation relations: 

\Jai Jb\ — Ao Ao \ J a : J b\ — Ao tabcJ — ^abcJ ? 

1 —c c 

— 7= AlCabcP — ^abcP 7 

VA 

[■ P ai Pb\ = — Al Al [P a , P b ] = \ 2 tabcJ = ke a b c Z C , 

7 The Maxwell algebra and the semi-simple extension of the Poincare algebra in D-dimensional spacetime have been obtained 
by the S-expansion of the D-dimensional Ads algebra in m and El. respectively. 


[Ja,Pb] = —t=A 0 Ai [J a ,Pb] 
VA 
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( 51 ) 


1 - - 1 —c 

\Jai ^b\ — \Jat Jb\ — ~j^^ 2 ^abcJ — ^ abc^ 

[Pa, Zb] = - — -j=\i\ 2 [P a , Jb] = 7 — ^tabc^P = 0 , 


kVX 


kVA 


1 _ _ 1 _ c 

[Za, Zb] — A 2 A 2 \J a, J b] — -J^^abcX^J = 0, 

where we have used the commutation relations of the Ads algebra (l43l) and the multiplication law (l46l) of the 
semigroup S. The obtained algebra (IFTl) coincides with the Maxwell algebra mm- 

A.2 The semi-simple extension of the Poincare algebra and the S-expansion by 
the semigroup S 

We consider the abelian semigroup S = {Ao, Ai, A 2 } together with the following multiplication law: 


Aq Xp — 

or, equivalently, by the following multiplication table: 


T _ / */ ( a + P) > ^ 

0 ~ l X a+0 if (a + 0) < 2 ’ 


(52) 



Ao 

Ai 

A2 

Ao 

Ao 

Ai 

A2 

Ai 

Ai 

A2 

Ai 

A2 

A2 

Ai 

A2 


Now, we consider the following subset decomposition S' = So (J Si: 

So = {Ao, A2}, Si = {Ai}, 


(53) 


(54) 


which is in resonance with the subspace decomposition 0 = Vo © V\ (resonant decomposition) and then, satisfies 
the following resonance condition: 


So-So C So, S0.S1 c Si, 


S1.S1 c So- 


(55) 


The direct product Sx g with basis A a Xs is a Lie algebra (see Theorem III. 1 in 117)). According to the Theorem 
IV.2 in [17], Wq ® Wi is a resonant subalgebra of S x g where we have: 

M 7 o = So x Vo = {Ao,A2}®{J a } = {AoJ a ,A2</ a }, 

W 1 = Si X Vi = {Ai}®{P a } = {AiP a }. (56) 

Relabeling the generators as J a = XoJ a , — jZ a = X 2 J a and yj — jP a = AiP a , we obtain the following 
commutation relations: 

[Ja, Jb] — Aq Aq [J a , Jb] — Aq tabcJ £abcJ , 


[J a ,Pb] = y— A 0 Ai [J a ,Pb] = y — — Aie Q h c P = e a b c P c , 
[P a ,Pb] = ^ y Ai Ai [P a , Pb] = —XX 2 e a bcJ = ke a bcZ c , 

[J a , Zb] — ~T Aq A2 [J a, Jb] — ~j^X 2 C a bcJ — ^ abcZ , 


(57) 


A 


[Pa, Zb] 7 \/ a A 1 A 2 [PajTfo] \ Xi€ a bcP , C abcP 


X ^c 


[Za, Zb] ^ 9 A 2 A 2 [J a , Jb] — ^9 A 2 t-abcJ — j^^-abcZ , 

where we have used the commutation relations of the Ads algebra (H51) and the multiplication law (1551) of the 
semigroup S. The obtained algebra m matches the semi-simple extension of the Poincare algebra El¬ 


io 
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